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A CHARACTERIZATION OF WEAKLY KRULL MONOID ALGEBRAS
VICTOR FADINGER AND DANIEL WINDISCH
Abstract. Let D be a domain and S a torsion-free monoid whose quotient group satisfies the ascending
chain condition on cyclic subgroups. We give a characterization of when the monoid algebra D[S] is
weakly Krull. As an application of this, we describe the weakly Krull domains among the affine monoid
algebras.
1. Introduction
When considering monoid algebras D[S], an immediate question is whether certain properties of the
domain D and the monoid S carry over to the monoid algebra and conversely. A lot of such properties
are collected in the textbook by Gilmer [11], among them the property of being a Krull domain, which is
completely characterized in terms of the domain and the monoid, and was originally proved by Chouinard
[5]. There he was the first to give the definition of a Krull monoid, which in turn was preparing the ground
for a whole new research area based on the fact that a domain is Krull if and only if its multiplicative
monoid is a Krull monoid. For a detailed study of Krull monoids, see [10].
Many well-known domains fail to be Krull, but are still quite close (e.g. non-principal orders in number
fields) and to investigate them, two generalizations of Krull domains and monoids were introduced; namely
generalized Krull and weakly Krull domains and monoids. The latter were first studied in [2], although
not named weakly Krull domains there. It still holds true, that a domain is generalized (resp. weakly)
Krull if and only if its multiplicative monoid is generalized (resp. weakly) Krull. A profound introduction
to this sort of monoids can be found in [15]. A divisor theoretic characterization of weakly Krull monoids
was first given by Halter-Koch in [14], where one can also find a proof of the statement that a domain is
weakly Krull if and only its multiplicative monoid is.
In 2009, Chang [4] gave a characterization of when the monoid algebra is weakly factorial (i.e. every
non-zero non-unit is a product of primary elements) under the assumption that the quotient group of
the monoid satisfies the ascending chain condition on cylic subgroups (a.c.c.c.). Namely, D[S] is weakly
factorial if and only if D is a weakly factorial GCD-domain and S is a weakly factorial GCD-monoid. In
this paper, he also posed the question of when a monoid algebra is weakly Krull (note that a domain is
weakly factorial if and only if it is weakly Krull with trivial t-class group). In 2016, El Baghdadi and Kim
[7] gave a complete characterization of when a monoid algebra is generalized Krull (namely if and only
if both, the domain and the monoid are generalized Krull and the quotient group of the monoid satisfies
a.c.c.c.). An immediate consequence of the results by Chouinard, El Baghdadi and Kim is the fact that
the polynomial ring over a (generalized) Krull domain is (generalized) Krull and one would hope so as well
for the case of weakly Krull domains. That this is not the case was proven by D.D. Anderson, Houston
and Zafrullah in [1, Proposition 4.11]. In fact, they show that this is the case precisely for weakly Krull
UMT-domains. Recall that a domain is said to be a UMT-domain if all prime ideals of the polynomial
ring D[X ] lying over (0) are maximal t-ideals.
Answering Chang’s question and trying to close the last gap for a complete picture of the generalizations
of Krull domains, in section 3, we give a characterization of when a monoid algebra is weakly Krull under
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the assumption that the quotient group of the monoid satisfies a.c.c.c. As a proof of the applicability of
our description, in section 4, we characterize the weakly Krull domains among the affine monoid algebras,
which play an important role in the study of polytopes (see [8]). Moreover, we reobtain the crucial
direction of Chang’s result on weakly factorial monoid algebras.
2. Preliminaries
We assume some familiarity with monoid algebras and ideal systems. We consider monoids to be
cancellative, commutative and unitary semigroups and write them additively. For a domain D and a
monoid S let D[S] denote the monoid algebra of D over S. It is well known that the monoid algebra D[S]
is a domain if and only if the monoid S is torsion-free [11, Theorem 8.1] and in that case S amits a total
order < compatible with its semigroup operation. Therefore we can write every element f ∈ D[S] in the
form f =
∑n
i=1 diX
si with di ∈ D, si ∈ S and s1 < s2 < . . . < sn. For subsets P ⊆ D and H ⊆ S we
denote by P [H ] = {∑ni=1 piXhi | n ∈ N, pi ∈ P, hi ∈ H} ⊆ D[S].
As already done in the introduction, we abbreviate the ascending chain condition on cyclic subgroups for
a group G with a.c.c.c. A group satisfies a.c.c.c. if and only if it is of type (0, 0, . . .), a notion that has
also been used in results of our kind. For a proof of this statement and the description of when a group
is said to be of type (0, 0, . . .), see [11, §14].
Let S be a monoid. We denote by
• q(S) the quotient group of S,
• S˜ = {x ∈ q(S) | xn ∈ S for some n ∈ N} the root closure of S,
• Ŝ = {x ∈ q(S) | there is d ∈ S s.t. dxn ∈ S for all n ∈ N} the complete integral closure of S.
Let q(S) = G and let X ⊆ S be a subset. We set X−1 = (S :G X) = {g ∈ G | g+X ⊆ S}, Xv = (X−1)−1
and Xt =
⋃
J⊆X,|J|<∞ Jv. We say that an ideal I of S is a v-ideal (resp. t-ideal) if I = Iv (resp. I = It).
I is called a maximal t-ideal, if I is maximal among all proper t-ideals of S (and is therefore necessarily
prime). S is said to be of t-dimension 1 (t-dim(S) = 1) if each maximal t-ideal of S is a minimal non-
empty prime ideal. An analogous concept exists for domains and the reader is referred to [12] for the
domain case and to [15] for the monoid case. We denote by X(D) (resp. X(S)) the height-one spectrum
of D (resp. the minimal non-empty prime ideals of S) and will often also call elements of X(S) height-one
prime ideals. A domain (resp. monoid) D is called weakly Krull if D =
⋂
P∈X(D)DP and X(D) is of finite
character, meaning that every non-zero non-unit (resp. non-unit) is contained only in a finite number of
height-one prime ideals (resp. minimal non-empty prime ideals).
3. Main Result
We start with an investigation of the height-one spectrum of monoid algebras, which will lead us to
the definition of the central property characterizing weakly Krull monoid algebras.
Lemma 3.1. Let D be a domain with quotient field K and let S be a torsion-free monoid with quotient
group G. For the height-one spectrum of D[S] the following hold:
X(D[S]) ⊆ {P [S] | P ∈ X(D)} ∪ {Q ∩D[S] | Q ∈ X(K[S])} =: P
and also
X(D[S]) ⊆ {D[P ] | P ∈ X(S)} ∪ {Q ∩D[S] | Q ∈ X(D[G])} =: P′.
Proof. To begin with, note that P ∈ spec(D) if and only if P [S] ∈ spec(D[S]) [11, Corollary 8.2]. Let
Q ∈ X(D[S]), then Q ∩ D ∈ spec(D). If Q ∩ D = P 6= (0), then (0) ( P [S] ⊆ Q, so by ht(Q) = 1
equality holds. To see that P ∈ X(D), just note that (0) ( P ′ ( P implies (0) ( P ′[S] ( P [S] = Q for
every P ′ ∈ spec(D). In case Q ∩D = (0), we use the correspondence of prime ideals between D[S] and
K[S] ∼= (D \ {0})−1D[S].
For the second inclusion, the proof is quite similar, but first we have to show the following
Claim: P ∈ spec(S) if and only if D[P ] ∈ spec(D[S]).
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Proof of Claim. If D[P ] ∈ spec(D[S]) then P = D[P ]∩S is a prime ideal of S, so let P ∈ spec(S). Clearly,
D[P ] is an ideal of D[S]. Let f, g ∈ D[S] such that fg ∈ D[P ] and note that we can totally order S in a
way that is compatible with the monoid operation of S [11, Corollary 3.4]. Let < denote such an order
and write f =
n∑
i=1
aiX
si and g =
m∑
j=1
bjX
tj with s1 < . . . < sn and t1 < . . . < tm. If f or g are in D[P ] we
are done, so assume that f, g /∈ D[P ] and let u ∈ [1, n] and v ∈ [1,m] be minimal such that su, tv /∈ P .
Then su + tv /∈ P and the coefficient of Xsu+tv in fg is aubv 6= 0; to wit: If not, then there exist su′ and
tv′ different from su and tv such that su + tv = su′ + tv′ /∈ P , hence both su′ , tv′ /∈ P . Since su and tv
were chosen minimal with respect to not lying in P we obtain su < su′ and tv < tv′ contradicting the
equality su + tv = su′ + tv′ . Therefore fg /∈ D[P ]. [Proof of Claim]
Now let Q ∈ X(D[S]), then clearly Q ∩ S ∈ spec(S) and if Q ∩ S = P 6= ∅ then D[P ] ⊆ Q is a
non-zero prime ideal, thus by Q ∈ X(D[S]) equality holds. Assume to the contrary that ht(P ) ≥ 2. Then
there is P ′ ∈ spec(S) such that ∅ ( P ′ ( P , giving (0) ( D[P ′] ( D[P ] contradicting the fact that
D[P ] ∈ X(D[S]). For the case Q∩S = ∅, just note that we have D[G] = D[S]N , where N = {Xα | α ∈ S}
and we can again use the prime ideal correspondence. 
In fact, the above proof shows us, that the primes coming from D[G] resp. K[S] are always height-one
again, so the only primes that can produce a strict inclusion are height-one primes from D resp. S that
do not induce height-one primes in the monoid algebra.
Definition 3.2. Let D be a domain and let S be a torsion-free monoid. We say that
1. D is S-UMT if X(D[S]) = P and
2. S is D-UMT if X(D[S]) = P′.
The next remark is just a consequence of the previous definition and remark.
Remark 3.3. Let D be a domain and let S be a torsion-free monoid.
1. The following are equivalent:
(a) D is S-UMT.
(b) For all P ∈ X(D) we have P [S] ∈ X(D[S]).
2. The following are equivalent:
(a) S is D-UMT.
(b) For all P ∈ X(S) we have D[P ] ∈ X(D[S]).
Lemma 3.4. Let D be a domain with quotient field K and let S be a torsion-free monoid with quotient
group G. Then the following hold:
1. D is S-UMT if and only if D is G-UMT,
2. S is D-UMT if and only if S is K-UMT.
Proof. 1. D[G] ∼= D[S]N where N = {Xα | α ∈ S}, so we have an order preserving correspondence of the
height-one prime ideals of D[S] not containing monomials and height-one prime ideals of D[G]. Thus for
P ∈ X(D) we have P [S] ∈ X(D[S]) if and only if P [G] = P [S]N ∈ X(D[G]).
2. K[S] ∼= (D \ {0})−1D[S], so we have an order preserving correspondence of the height-one prime ideals
of D[S] not containing non-zero constants and height-one prime ideals of K[S]. Thus for P ∈ X(S) we
have D[P ] ∈ X(D[S]) if and only if K[P ] ∈ X(K[S]). 
We now characterize the weakly Krull group algebras.
Proposition 3.5. Let D be a domain and let G be a torsion-free abelian group that satisfies a.c.c.c. Then
D[G] is weakly Krull if and only if D is weakly Krull and G-UMT.
Proof. ”⇒” To prove that D is G-UMT it suffices by 3.1 to show that X(D[G]) ⊇ P, so let P ∈ X(D)
and d ∈ P . Since D[G] is weakly Krull, by [2, Theorem 3.1] there exists a primary decomposition of
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dD[G] =
⋂n
i=1Ai, where
√
Ai ∈ X(D[G]) and since each Ai contains d, we even have
√
Ai = Pi[G] with
Pi ∈ X(D). Now P [G] ⊇
√
dD[G] =
√⋂n
i=1Ai =
⋂n
i=1
√
Ai =
⋂n
i=1 Pi[G]. Thus there is i ∈ [1, n] such
that Pi[G] ⊆ P [G], hence Pi ⊆ P and by P ∈ X(D) equality holds.
Next we show that D is weakly Krull. Let P ∈ X(D), then P [G] ∈ X(G), since we just proved that D is
G-UMT. Clearly, for all x ∈ D we have x ∈ P if and only if x ∈ P [G], so X(D) has finite character, since
X(D[G]) has. Let x
y
∈ ⋂P∈X(D)DP , then for all P ∈ X(D) there are xP ∈ D and yP ∈ D \ P such that
x
y
= xP
yP
. By what we just said, also yP /∈ P [G], hence xy = xPyP ∈ D[G]P [G] for all P ∈ X(D). Since y ∈ D,
we also have x
y
∈ D[G]Q for all Q ∈ X(D[G]) not containing constants. Therefore in total we obtain that
x
y
∈ K ∩⋂Q∈X(D[G])D[G]Q = K ∩D[G] = D.
”⇐” Let D be weakly Krull and G-UMT. Obviously, D[G] ⊆ ⋂Q∈X(D[G])D[G]Q, so it remains to prove the
converse inclusion. For this, let f
g
∈ ⋂Q∈X(D[G])D[G]Q. Then for all Q ∈ X(D[G]) there are fQ ∈ D[G]
and gQ ∈ D[G] \ Q such that fg = fQgQ , so fgQ = gfQ. We first show that g |K[G] f : Since K[G] is
a factorial domain by [13, Theorem 7.13], we have a prime factorization g = pn11 · · · pnkk in K[G]. Now
fgQ = p
n1
1 · · · pnkk fQ and if we choose Q = piK[G]∩D[G] ∈ X(D[G]) then by gQ /∈ Q we obtain pnii |K[G] f .
In total g |K[G] f , hence with out loss of generality we can write fg = fr for appropriate r ∈ D and obtain
fgQ = rfQ.
Since D is weakly Krull, we have a primary decomposition rD =
⋂n
i=1 Ii with
√
Ii = Pi ∈ X(D). But
now fgPi[G] ∈ rD[G] =
⋂n
j=1 Ij [G], in particular fgPi[G] ∈ Ii[G]. By [11, Corollary 8.7], Ii[G] is a primary
ideal with
√
Ii[G] =
√
Ii[G] = Pi[G] and it follows that f ∈ Ii[G] by gPi[G] /∈ Pi[G]. Since we can do this
for all i ∈ [1, n] we obtain f ∈ ⋂ni=1 Ii[G] = rD[G], hence r |D[G] f and fr ∈ D[G].
To see that the intersection is of finite character, just note that an f ∈ D[G] can only be in finitely many
height-one primes that come from K[G] since it is a factorial domain and that it also can only be in
finitely many height-one primes coming from D since D is weakly Krull. 
Next we characterize the weakly Krull monoid algebras over fields.
Proposition 3.6. Let K be a field and let S be a torsion-free monoid with quotient group G such that G
satisfies a.c.c.c. Then K[S] is weakly Krull if and only if S is weakly Krull and K-UMT.
Proof. ”⇒” Let K[S] be weakly Krull and P ∈ X(S). We have to show that K[P ] ∈ X(K[S]). We
already know by the claim in the proof of 3.1 that K[P ] is a prime ideal, so it remains to prove its height
is one. Let α ∈ P , then we obtain a primary decomposition XαK[S] = ⋂ni=1Ai with
√
Ai ∈ X(K[S]).
Moreover, since Xα ∈ Ai it holds that
√
Ai = K[Pi] for Pi ∈ X(S). It follows that K[P ] ⊇
√
XαK[S] =√⋂n
i=1Ai =
⋂n
i=1
√
Ai =
⋂n
i=1K[Pi]. Thus there is i ∈ [1, n] such that K[Pi] ⊆ K[P ] and by P ∈ X(S)
equality follows, hence K[P ] ∈ X(K[S]).
To prove that S is weakly Krull, let α
β
∈ ⋂P∈X(S) SP . Then for all P ∈ X(S) there exist αP ∈ S and
βP ∈ S \ P such that αβ = αPβP . Since for all a ∈ S we have a ∈ P if and only if a ∈ K[P ], it follows
that α
β
= αP
βP
∈ K[S]K[P ]. Clearly, β is in no height-one prime coming from K[G], so in total we obtain
α
β
∈ G ∩ ⋂P∈X(K[S])K[S]P = G ∩ K[S] = S. It is clear that X(S) is of finite character, since K[S] is
weakly Krull.
”⇐” Clearly, X(K[S]) is of finite character, so it remains to prove that K[S] = ⋂Q∈X(K[S])K[S]Q. We
first prove the following
Claim A: For all P ∈ X(S) we have K[P ] ∈ t-max(K[S]).
Proof of Claim A. Let P ∈ X(S). To show that K[P ] is a maximal t-ideal, we prove that for every f ∈
K[S] \K[P ] we have (K[P ], f)t = K[S]. Let f ∈ K[S] \K[P ]. Without loss of generality we can suppose
that f has no exponent in P , since if not, define f ′ to be the part of f containing all monomials not inK[P ],
then (K[P ], f) = (K[P ], f ′). Now (K[S], f)t = K[S] if and only if there exist g1, . . . , gn ∈ K[P ] such that
(g1, . . . , gn, f)v = K[S] if and only if there exist g1, . . . , gn ∈ K[P ] such that (g1, . . . , gn, f)−1 = K[S].
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Since P is a maximal t-ideal of S, by the choice of f =
∑l
i=1 aiX
si (as always such that s1 < . . . < sl)
we have for all i ∈ [1, l] that (P, si)t = S, because t-dim(S) = 1. Thus for all i ∈ [1, l] we can choose
b
(i)
1 , . . . , b
(i)
ni ∈ P with (b(i)1 , . . . , b(i)ni , si)−1 = S. Set {b1, . . . , bm} = {b(i)j | i ∈ [1, l], j ∈ [1, ni]}. We claim
that (Xb1 , . . . , Xbm , f)−1 = K[S]. One inclusion is trivial, so let h ∈ (Xb1 , . . . , Xbm , f)−1 and note first,
that h ∈ K[G] since hXb1 ∈ K[S]. Now write h = ∑rk=1 ckXdk with dk ∈ G and d1 < . . . < dr and
we proceed by induction on r to show that h ∈ K[S]: If r = 1 this is clear, since for h = Xd we have
d + s1, d + b1, . . . , d + bm ∈ K[S] hence in particular d ∈ (b(1)1 , . . . , b(1)n1 , s1)−1 = S. Now suppose that
r > 1, then by the same argument as for the case r = 1 we obtain that d1 ∈ S and thus c1Xd1 ∈ K[S] ⊆
(Xb1 , . . . , Xbm , f)−1. Set h1 = h− c1Xd1 ∈ (Xb1 , . . . , Xbm , f)−1. By induction hypothesis h1 ∈ K[S] and
therefore h ∈ K[S]. [Proof of Claim A]
Using Claim A, we prove
Claim B: For all α ∈ S \ S× we have a primary decomposition of (Xα) with associated primes of height
one.
Proof of Claim B. Let α ∈ S \ S×. Then Xα is only contained in maximal t-ideals of the form K[P ]
for P ∈ X(S), since if Q is a maximal t-ideal containing Xα, then Q ∩ S is a non-empty prime t-ideal.
One can see this as follows: Clearly, K[Q ∩ S] ⊆ Q and by [6, Lemma 2.3.5] we obtain K[(Q ∩ S)t] =
K[Q∩S]t ⊆ Qt = Q, hence (Q∩S)t ⊆ Q∩S. In particular, if Q is a maximal t-ideal, then K[Q∩S] ⊆ Q
is a maximal t-ideal of K[S], thus equality holds.
Since S is weakly Krull, α is only contained in finitely many height-one primes of S, say P1, . . . , Pn. It
follows that the only maximal t-ideals of K[S] containing Xα are the K[P1], . . . ,K[Pn]. Now
(Xα) = (
⋂
Q∈t- max(K[S])
K[S]Q)X
α =
⋂
Q∈t-max(K[S])
K[S]QX
α = (
⋂
Q∈t- max(K[S])
K[S]QX
α) ∩K[S] =
⋂
Q∈t- max(K[S])
(K[S]QX
α ∩K[S]) =
n⋂
i=1
(XαK[S]K[Pi] ∩K[S]).
It remains to prove, that the XαK[S]K[Pi] ∩K[S] are K[Pi]-primary, but this is clear, since the K[Pi] are
height-one primes. [Proof of Claim B]
Now we take f
g
∈ ⋂Q∈X(K[S])K[S]Q. Thus for every Q ∈ X(K[S]) there are fQ ∈ K[S] and gQ ∈
K[S] \Q such that f
g
=
fQ
gQ
, so fgQ = gfQ. We first show that g |K[G] f : Since K[G] is a factorial domain
by [13, Theorem 7.13] we have a prime factorization g = pn11 · · · pnkk in K[G]. Now fgQ = pn11 · · · pnkk fQ
and if we choose Q = (pi) ∩K[S] ∈ X(K[S]) then by gQ /∈ Q we obtain pnii |K[G] f . In total g |K[G] f ,
hence without loss of generality we write f
g
= f
Xα
for appropriate α ∈ S and obtain fgQ = XαfQ.
We show f ∈ (Xα). By Claim B we pick a primary decomposition (Xα) = ⋂ni=1 Ai with
√
Ai = Qi ∈
X(K[S]). Let i ∈ [1, n] and set Q := Qi. Then fgQ = XαfQ ∈ (Xα) ⊆ Ai, but gQ /∈ Q =
√
Ai, hence
f ∈ Ai. Since i was arbitrary, we obtain f ∈
⋂n
i=1 Ai = (X
α). 
We are now in the position to prove our main result, characterizing the weakly Krull monoid algebras.
Theorem 3.7. Let S be a torsion-free monoid with quotient group G such that G satisfies a.c.c.c. and let
D be a domain with quotient field K. Then D[S] is weakly Krull if and only if S is weakly Krull K-UMT
and D is weakly Krull G-UMT.
Proof. ”⇐” If D is weakly Krull G-UMT and S is weakly Krull K-UMT, then D[G] and K[S] are weakly
Krull by 3.5 and 3.6. Thus D[S] = D[G] ∩K[S] is weakly Krull.
”⇒” Let D[S] be weakly Krull, then by [15, Proposition 22.1] both, D[G] = D[S]N (where N = {Xα |
α ∈ S}) and K[S] = (D \ {0})−1D[S] are weakly Krull, hence D is weakly Krull G-UMT by 3.5 and S is
weakly Krull K-UMT by 3.6. 
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Next (borrowing heavily from Chang [4]) we give an example of a group algebra over a field that is not
weakly Krull, showing that the assumption of the group satisfying a.c.c.c. cannot be omitted. Note that
for a field K and a group G we always have that K is weakly Krull G-UMT and that G is weakly Krull
K-UMT.
Example 3.8. Let K be a field and let Q be the additive group of rational numbers. For each n ∈ N let
Gn be the subgroup of Q generated by
1
2n .
1. K[Gn] is a principal ideal domain.
2. 1 +X
1
2n is a prime element of K[Gn].
3. If 0 ≤ m < n, then 1 +X 12m /∈ (1 +X 12n )K[Gn].
4. t-dim(K[Q]) = 1.
5. K[Q] is not weakly Krull.
Proof. 1. Since Gn ∼= Z as additive groups, we have K[Gn] ∼= K[Z], which is well known to be a PID.
2. Follows from the fact that 1+ y is a prime element in K[y] and that prime elements are lifted to prime
elements under localization, provided they do not become units.
3. If we set y = X
1
2n and k = 2n−m, then y is an indeterminate over K and K[Gn] ∼= K[y, y−1]. Now
1 + yk /∈ (1 + y)K[y] since k is even, thus 1 + yk /∈ (1 + y)K[y, y−1], because (1 + y)K[y] is a prime ideal.
4. By [11, Corollary 12.11.1] it suffices to prove that Gn ⊆ Q is a root extension, to prove that K[Gn] ⊆
K[Q] is an integral extension and hence K[Q] is of Krull dimension 1 by 1. and thus of t-dimension 1. To
prove that we have a root extension, let a
b
∈ Q with b ∈ N. Then ba
b
= a = (2na) 12n ∈ Gn.
5. We show that 1 − X is in infinitely many height one prime ideals of K[Q]. Clearly, 1 − X = (1 +
X
1
2 )(1 +X
1
22 ) · · · (1 +X 12n )(1 −X 12n ), so it suffices to show that for m 6= n the elements 1 +X 12n and
1 + X
1
2m are never in the same prime ideal, since by t-dimension is 1 they are contained in height-one
prime ideals. Assume to the contrary that this was the case, say P is a prime ideal containing 1 +X
1
2n
and 1 +X
1
2m for m < n. Then 1 +X
1
2n ∈ P ∩K[Gn], hence (1 +X 12n ) = P ∩K[Gn] by 1. and 2. Thus
1 +X
1
2m ∈ (1 +X 12n )K[Gn], contradicting 3. 
4. Applications
In this section, we investigate the K-(resp. G-)UMT property for special monoids (resp. domains).
Based on these results, we give applications of our main theorem 3.7. We start with non-negative monoids
of totally ordered abelian groups.
Lemma 4.1. Let (G,≤) be a totally ordered abelian group with a.c.c.c. and S = {g ∈ G | g ≥ 0} be the
non-negative monoid of G. Then S is K-UMT for all fields K.
Proof. Assume to the contrary, that S is not K-UMT for some field K. Then there is P ∈ X(S) such
that K[P ] /∈ X(K[S]), i.e. there is A ∈ X(K[S]) with A ( K[P ]. Clearly, A has no monomials, so has to
be of the form A = Q ∩K[S] for some Q ∈ X(K[G]). Since K[G] is factorial, Q = fK[G] for some prime
f ∈ K[G], hence the property A ⊆ K[P ] translates into ”If g ∈ K[S] such that f |K[G] g, then g ∈ K[P ].”
Now let f ∈ K[G] be as above and let s1 be the smallest exponent of f . Then let s ∈ S with s+ s1 = 0,
thus fXs =: g ∈ K[S] and f |K[G] g but g /∈ K[P ]; a contradiction. 
Corollary 4.2. Let D be a domain, (G,≤) be a totally ordered abelian group with a.c.c.c. and S = {g ∈
G | g ≥ 0} be the non-negative monoid of G. Then D[S] is weakly Krull if and only if D is weakly Krull
G-UMT and S is weakly Krull.
We are now able to prove that the classical UMT property is equivalent to our notion of being N0-UMT,
provided the domain is weakly Krull. For this, we need the following preparatory
Lemma 4.3. Let D be a weakly Krull domain and N0-UMT. Then the polynomial ring D[X ] is weakly
Krull.
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Proof. Since D is weakly Krull and N0-UMT it suffices to show that N0 is weakly Krull and K-UMT in
order to apply 3.7, but that N0 is weakly Krull is well known (it is factorial) and the property of being
K-UMT was shown in 4.1. 
Proposition 4.4. Let D be a weakly Krull domain, then the following are equivalent:
1. D is UMT,
2. For all n ∈ N we have D[X1, . . . , Xn] is UMT,
3. D is N0-UMT,
4. For all n ∈ N we have D is Nn0 -UMT,
5. D is Z-UMT,
6. For all n ∈ N we have D is Zn-UMT,
Proof. 1.⇔ 2. This is [9, Theorem 2.4].
1.⇔ 3. D weakly Krull UMT implies D[X ] weakly Krull by [1, Proposition 4.11]. Note that our proof of
”D[G] weakly Krull implies D is G-UMT” in 3.5 did not use the fact that G was a group, so it shows D
is N0-UMT here. Conversely, if D is weakly Krull and N0-UMT, then by 4.3 D[X ] is weakly Krull, hence
D is UMT [1, Proposition 4.11].
5.⇔ 3. This follows from 3.4.
4.⇔ 6. This follows from 3.4.
2. ⇒ 6. Let n ∈ N, then since D[N0] is weakly Krull UMT, D[Nn0 ] is weakly Krull for all n ≥ 2, hence
D[Zn] is by [15, Proposition 22.1]. Thus D is Zn-UMT by 3.5.
4.⇒ 3. This is trivial. 
Next we apply our main result to monoid algebras over affine monoids, which for example happen
to occure (over fields) when studying polytopes (see [8]). Recall that an affine monoid is a torsion-free
finitely generated monoid.
Lemma 4.5. Let S be an affine monoid. Then there is n ∈ N such that the quotient group q(S) ∼= Zn.
In particular, q(S) satisfies a.c.c.c.
Proof. Since S is a finitely generated submonoid of Zm for some m ∈ N, q(S) is a Z-submodule of Zm
and therefore is itself a free Z-module of rank n ≤ m. 
The following remark is well known, but for the convenience of the reader and since the argument is
short, we give it.
Remark 4.6. Let S be a finitely generated monoid, then its root closure S˜ is Krull.
Proof. Note that if S is finitely generated, then also its reduced monoid Sred is, so by [10, Proposition
2.7.11] S˜ = Ŝ. By [10, Theorem 2.7.13] we obtain that S is v-noetherian and (S : Ŝ) 6= ∅. Now the result
follows from [10, Theorem 2.3.5.3]. 
Lemma 4.7. Affine monoids are K-UMT for all fields K.
Proof. Let S be an affine monoid with quotient group G and let K be a field. In 4.5 we just proved that
G satisfies a.c.c.c., thus in particular S× is. Since S is finitely generated, S˜ is Krull by the above remark.
It follows by [11, Theorem 15.6] that K[S˜] is Krull. Since K[S˜] = K[S] by [11, Corollary 2.12.1] we obtain
that K[S] ⊆ K[S˜] is an integral extension. Now we assume to the contrary that S was not K-UMT, i.e.
there is P ∈ X(S) such that K[P ] /∈ X(K[S]). Since K[P ] cannot properly contain a prime ideal with
monomials, it has to contain a prime ideal without monomials, hence a Q coming from some Q ∈ X(K[G]),
so we have the situation (0) ( Q ( K[P ]. Let Q˜ = Q ∩ K[S˜], then clearly Q˜ ∩ K[S] = Q. Let P˜ be
the prime ideal of S˜ corresponding to P ([16, Proposition 2.7]), then we prove Q˜ ⊆ K[P˜ ] obtaining a
contradiction to the fact that S˜ is K-UMT (because K[S˜] is weakly Krull).
Since K[S] ⊆ K[S˜] is an integral extension and Q˜∩K[S] = Q, by ”going up” there exists A ∈ spec(K[S˜])
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such that Q˜ ⊆ A and A ∩ K[S] = K[P ]. Now P ⊆ A ∩ S, hence P˜ ⊆ A ∩ S˜ so K[P˜ ] ⊆ A. Note that
P˜ ∩ S = P , thus K[P˜ ] ∩K[S] = K[P ]. Therefore K[P˜ ] ⊆ A and both are lying over K[P ]. It follows by
[3, Corollary 5.9] that A = K[P˜ ]. 
Proposition 4.8. Let S be an affine monoid and let D be a domain. Then D[S] is weakly Krull if and
only if D is weakly Krull UMT and S is weakly Krull.
Proof. To begin with, note that by 4.5 G := q(S) ∼= Zn satisfies a.c.c.c. and that D being UMT is
equivalent to D being G-UMT by 4.4. It remains to prove that S is D-UMT, which is equivalent to S
being K-UMT by 3.4, where K is the quotient field of D, but this is just 4.7. Now apply 3.7. 
Since fields are always UMT, an easy consequence of this proposition is the following
Corollary 4.9. Let K be a field and S an affine monoid. Then K[S] is weakly Krull if and only if S is
weakly Krull.
Next we prove the K-UMT (resp. G-UMT) property for another class of monoids (resp. domains).
Proposition 4.10. 1. Let D be a weakly Krull GCD-domain and G be an abelian group that satisfies
a.c.c.c. Then D is G-UMT.
2. Let K be a field and S be a torsion-free weakly Krull GCD-monoid with quotient group G such that
G satisfies a.c.c.c. Then S is K-UMT.
Proof. 1. Since GCD-domains are PvMDs by (Chang UMT-domains: A survey nach Prop. 2.6), D is a
weakly Krull PvMD and thus generalized Krull [1, Corollary 4.13]. Now [7, Proposition 1.3] implies that
D[G] is generalized Krull, hence weakly Krull, and so by 3.5 D is G-UMT.
2. If we can show that S is generalized Krull we are done, since then K[S] is generalized Krull [7,
Proposition 1.4], hence weakly Krull, and so by 3.6 S is K-UMT. To see that S is generalized Krull, we
have to show that for all P ∈ X(S) the SP are valuation monoids; the rest follows from the fact that S is
weakly Krull. The proof follows the same lines as Zafrullah’s answer for the case of domains in [17]. Let
P ∈ X(S), then SP is a primary monoid and an easy calculation gives that it is also a GCD-monoid.
Claim: In a primary GCD-monoid H no two non-units are coprime.
Proof of Claim. Let a, b ∈ H \H× and assume to the contrary that gcd(a, b) = H×. It follows by [15,
Proposition 10.2.5] that gcd(a, bm) = H× for all m ∈ N. But since the monoid is primary, there is n ∈ N
such that a | bn, hence a ∈ H×, contradicting the choice of a. [Proof of Claim]
To show that SP is a valuation monoid, let x, y ∈ SP with d = gcd(x, y). Then there are a, b ∈ SP such
that x = da and y = db with gcd(a, b) = (SP )
×. Now by our claim it follows without loss of generality
that a ∈ (SP )×, hence a | b and therefore x | y. 
As an easy consequence of the previous statement, we reobtain the crucial direction of Chang’s result
[4].
Corollary 4.11. Let D be a weakly factorial GCD-domain and S be a weakly factorial torsion-free GCD-
monoid whose quotient group G satisfies a.c.c.c. Then D[S] is a weakly factorial (GCD-)domain.
Proof. By 4.10 D is G-UMT and S is K-UMT, hence by 3.7 D[S] is weakly Krull and [11, Theorem
14.5] implies that D[S] is a GCD-domain and therefore is integrally closed. It follows that Cl(D[S]) ∼=
Cl(D)⊕ Cl(S) ∼= 0 [6, Corollary 2.8], thus D[S] is a weakly factorial GCD-domain. 
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